BROBHE
i (BOEE)
Imaginary Powers of Imaginary Numbers

1B —7% (EEIBEHRKERKE)
Kazushi Sakka (The Kyoto College of Graduate Studies for Informatics)

Abstract
Complex powers of complex numbers are discussed. Some interesting results are:

+ exponential function a* can be defined for any a, and any x,

* i power of (cosO+isin®) , including i', is real number after simple calculations.

+ the equation of x*=1 has three solutions
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y=a* & a> 1 7% 6B, O<a<l 7 & HEHH A,
FLTa=1 a=0%u5b—%Thb,

Real & Imag of 2*x
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y = (— 2)*DFEL, BEIEZNFI 2 (cosix 7)),
2% (sinx 7)) &5,

XWEHROFE cosxn)==*1
S yIXERELD x P EK O cosx 1) =

0 sinknm)==1
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(=2) *=2%(cos(x ) + 2*(sinx 0 )) i
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Real & Imag of (-2)*x
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z*=exp(x*log(z))
log(z) = log(abs(z)) +iArg(z )
exp( 6 )=cos # +isin 0
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a*=exp (xlog(a)) @
@& 1 log(a) = log(abs(a)+iArg(a) TH 1
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DiZ expx-(log(r))expl 6 x))
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Real & Imag of (2+3i)*x
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z*=( - 2)' = explilog( — 2)) = exp(illog2+ 7 i)
=exp(ilog(2))exp( — 7 )
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7' =(cos 0 +isin 0 )' = (exp(G 0 ))' = exp( — 0 )
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gnuplot print {—0.4259,7.753}
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Real & Imag of x*i
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Real & Imag of x*x
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x* = rexp(txi)
=r* (cos(tx)+isin(tx))
FEEBIE r* (cos(tx)) 72205
WolframAlpha T x*=1 ZfF 21X
abs(x)"x*(cos(x*Arg(x)=1 & AJJ 31T L v,
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plot(0,0, xlim = c(-3, 3),ylim = c(-3,3),type =
"n",xlab = "x", ylab ="y")
abline(h=0,col=8);abline(v=0,co0l=8);
AR x<O HEHHHHHHHRRHT
x=seq(-3,0,by=0.02)
r=abs(x);t=pi
Rx=r"x*(cos(t*x))-1 # y=Re(x"x)
points(x,Rx,Iwd=1,type="1")
HHHHH x>0 HHHHHERHHHTE
x=seq(0,3,by=0.02)
r=abs(x);t=0
Rx=r"x*(cos(t*x))-1 # y=Re(x"x)
points(x,Rx,lwd=1,type="1")
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z=locator(2); points(z,col=4)

pl=z$x[1] ; p2=z$x[2]
(ans=uniroot(f,c(p1,p2)))
text(-2,-0.5,ans$root)
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x=— 025l x=1, x=s — 1M HFRBERXOHTH 5,
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x£3 xDfE
X Re(x¥) Im(x*)
-1 -1 0
- 0.712 - 0.787 -1
- 0.25 1 -1
0 1 0
1 1 0
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TEFT 2FEBNT A= —TH b, OHIZ t=0.5,
t=1.1 DO ETH 5,

8 — 3<t<3 x=Real( — 2),y=Imag( — 2)) DEZFE Lt
o7avy bk

(-2i)*t
t=1.1 =05

9 — 3<t<3 x=Real( — 2i),y=Imag( — 2) DEFZFE L
n7ay k

(142i)At
t=1.1 t=0.5
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10 — 3<t<3 x=Real(1+2i),,y=Imag(1+2i) DEZHR
EmEo7yOy b

plot(0,0,xlim=c(-4,4),ylim=c(-4,4),type="n")
abline(h=0,col=8) ; abline(v=0,col=8) ;
grid(8,8)

t=seq(-3,3,by=0.05)

z0=(21);z=20"t
points(z,type="1",col=3)
Re(z0"0.5);Im(z070.5)
points(Re(z0"0.5),Im(z00.5),col=6)
points(Re(z0"1.1),Im(z071.1),col=4)
title("(2)"t")
mtext("t=0.5",3,col=6,at=1)
mtext("t=1.1",3,col=4,at=-1)
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